The lowest order radiative corrections (RC) to width and spectra of radiative πe2 decay are calculated. We take into account virtual photon emission contribution as well as soft and hard real photon emission ones. Result turns out to be consistent with the standard Drell-Yan picture for the width and spectra in leading logarithmical approximation, which permits us to generalize it to all orders of perturbation theory. Explicit expression of nonleading contributions are obtained. We found the contribution of short distance to be in agreement with SM predictions. It presented as general normalization factor. We check the validity of Kinoshita-Lee-Nauenberg theorem about cancellation in the total width the mass singularities at zero limit of electron mass. We discuss the results of previous papers devoted to this problem. The spectra and Dalitz plot distribution are illustrated numerically.
Introduction
Process of radiative negative pion decay: π − (p) → e − (r) +ν e (q) + γ(k)
attracts a lot of attention both experimentally and theoretically [1] - [11] , [15] . The main reason is the unique possibility to extract the so called structure-dependent part M SD of matrix element:
which can be described in terms of vector and axial-vector formfactors of pion and the hints of a "new physics" including the possible reveal of tensor forces (which are absent in traditional Standard Model). Keeping in mind the numerical smallness of M SD compared with inner bremsstrahlung part M IB the problem of taking into account of radiative corrections (RC) becomes relevant. Lowest order RC for special experimental set-up was calculated in 1991 in paper [5] , where, unfortunately, the contribution to RC from emission of an additional hard photon was not considered. This is the motivation of our paper.
Our paper is organized as follows. In part 2 we calculate the contributions to RC from emission of virtual photons (in 1 loop level) and the ones arising from additional soft photon emission. For definiteness we consider RC to the QED-part of matrix element M IB :
(ε * r) (kr) − (ε * p) (kp) +ε * k 2(kr) (1 + γ 5 )v ν (q),
with e = √ 4πα, G F = 1.17 · 10 −5 GeV −2 -Fermi coupling constant, ε -photon polarization vector, f π = 131 M eV -pion decay constant, V ud -element of Cabbibo-Kobayashi-Maskawa quark mixing matrix, M, mare masses of pion and electron. An explicit form of matrix element including M SD is given in Appendix A.
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In part 3 we consider the process of double radiative pion decay and extract the leading contribution, proportional to "large" logarithm ln M 2 /m 2 , which arises from the kinematics of emission of one of hard photons collinearly to electron momentum. We arrive to the result which can be obtained by applying the quasireal electron method [12] .
In conclusion we combine the leading contributions and find that the result can be expressed in terms of structure function of electron [17] . Really the lowest order RC in leading logarithmical approximation (LLA) (i.e. keeping terms
) turns out to reproduce two first orders contribution of electron structure function, obeying the evolution equation of renormalization group (RG). This fact permits us to generalize our result to include higher orders of perturbation theory (PT) contributions to the electron structure function in leading approximation. In conclusion we also argue that our consideration can be generalized to the whole matrix element.
As for next-to-leading contributions, we put them in the form of so-called K-factor, which collects all the non-enhanced (by large logarithm) contributions. Part of them, arising from virtual and real soft photon emission, is given analytically. The other part of it, arising from emission of additional hard photon in noncollinear kinematics is presented in Appendix C in terms of 3-fold convergent integrals.
In Appendix B we give the simplified form of RC (the lowest order ones) and do an estimation of omitted terms, which determine the accuracy of the simplified RC.
Appendix D contains the list of 1-loop integrals used in calculation of 1-loop Feynman integrals.
Virtual and soft real photon emission RC
A rather detailed calculation of lowest-order RC was done in paper [5] . Nonclear manipulations with soft photon emission contribution used in [5] results in wrong form of dependence of RC on photon detection threshold ∆ε which contradicts to general theorem [18] . Another reason of our revision of paper [5] is the mixing of (on-mass shell and dimensional) regularization schemes in it. We use here unrenormalized theory with ultraviolet cut-off parameter Λ. Following [5] we first consider RC to the "largest" contribution -inner bremsstrahlung M IB . As well we consider a central part of Dalitz-plot and omit (if possible) β ≡ m M 2 = 1.34 · 10 −5 that is β → 0. We distinguish the contribution to RC from emission of virtual and soft additional photons (∆ V and ∆ S correspondingly):
where:
(here x = 2(kp)
M 2 , M -is the pion mass). Soft photon emission RC have a standard form (see for example [13] , formula (16)):
where L e = ln y 2 β , λ -"photon mass". This result agree with general analysis of infrared behavior done in [18] . Now let us consider the calculation of the virtual photon emission corrections. First we use the minimal form for introduction of electromagnetic field through the generalization of derivative p µ → p µ − ieA µ . The sum of contributions (all particles except antineutrino can be as well on or off mass shell) leads to: [5] ). We should notice that these diagrams can be separated out into four classes. Each of this classes contributions is gauge invariant.
Three first classes was considered in paper [5] , where was strictly shown their gauge invariance and in particular zero contribution of class II. Last statement directly follows from the gauge-invariance.
Contribution of class III contains the regularized mass and vertex operators. The relevant matrix element has a form:
where
We see that M III is explicitly gauge-invariant and free from infrared singularities. At the realistic limit y ∼ x ∼ z ≫ β (rather far from the boundaries of Dalitz-plot) we obtain for contribution to matrix element square (structure ∼ B 1 gives zero contribution in limit β → 0) (in agreement with [5] ):
As we work in frames of unrenormalized theory we should consider class IV (not considered in paper [5] ) which concerns the contribution of counter-terms due to renormalization of wave function of pion and electron (see [13] , formula (17) 
Λ -is ultraviolet cut-off parameter to be specified later. First term in brackets in r.h.s. is the electron wave function renormalization constant, the second one corresponds to the pion wave function renormalization.
Let now consider the contributions of FDs of class I. In [5] was demonstrated the explicit gauge-invariance of the sum: The contribution to matrix element square can be written as:
Here the denominators of pion and electron Green functions (i) are listed in Appendix D. We omitted m everywhere in numerators. The ultraviolet divergences are present in A 1 and A 5 .
Using the set of vector and scalar integrals listed in Appendix D and adding the soft photon emission corrections we obtain:
Here we do not have a complete agreement with result of paper [5] . Note that the sum ∆ S + ∆ V does not depend on "photon mass" λ, and, besides, the coefficient at large logarithm ln 1 β agree with RG predictions.
Emission of additional hard photon
Emission of additional hard photon (not considered in previous papers concerning RC to π → eνγ decay), i.e. the process of double photon emission in πe2 decay:
is described by 11 FD drawn in Fig. 3 . In collinear kinematics (when one of real photons emits in close to electron emission direction) the relevant contribution to the differential width as well contains the large logarithms.
Matrix element of the double radiative pion decay have a form:
where ε 1,2 -polarization vectors of photons which obey the Lorentz condition:
Tensor O µν has a form:
Figure 3: Feynman diagrams, describing the double radiative pion decay.
One can convince in explicit fulfillment of requirements of Bose-symmetry and gauge-invariance:
Contribution to the differential width have a form:
We do not take into account the identity of photons: we believe photon with momentum k 1 to be the measurable one with cannot be small simultaneously). Contribution of these collinear kinematics to the differential width as well contains "large logarithms" ln y 2 β . To extract the relevant contribution we can use the quasireal electron method [12] . For this aim let us arrange the integration over phase volume in such a way:
, dO 2 -angular phase volume of photon with 4-momentum k 2 .
Note that integration on angular phase volume dO 2 in dΦ C 4 (see (18) ) is restricted by dO The second and the third terms in (18) contribution do not contain collinear singularities i.e. are finite in the limit β → 0. The contribution of hard photon emission can be written out in form:
and K hard IB (x, y, θ 0 , ∆) represents the contribution of two last terms in (18) . Now it is convenient to introduce the following quantity:
which does not already depend on parameter θ 0 . In the total sum of virtual, soft and hard photon emission all the auxiliary parameters: "photon mass" λ and ∆ are cancelled out. The resulting expression for the differential width with RC up to any order of QED PT with leading logarithm 
Quantity K h IB (x, y, ∆) − 2 ln(2∆) is finite at ∆ → 0, its explicit expression is given in Appendix C.
Discussion
It's easy to see that in total decay width all the dependence on β disappears in correspondence with KinoshitaLee-Nauenberg (KLN) theorem [14] . Really we obtain integrating in y:
Now let's discuss the dependence on ultraviolet cut-off Λ. It was shown in series of remarkable papers of A. Sirlin [16] [19] . In our explicit calculations we had considered RC to inner bremsstrahlung part of matrix element. Let now argue that the integrand r.h.s. (25) one can replace B(x, y) by the total value including the structure dependent contribution Φ (0) tot (x, y) which is defined in Appendix A in (37) . This fact can be proved in leading logarithmic approximation. One of contribution arising from additional hard photon emission close to electron direction can be obtained applying the quasireal electron method [12] and have a form (25) with P (1) → P
θ . The KLN theorem in a unique form provides the soft photon emission and virtual RC to be of a form with complete kernel P (z) in structure function D(z) in(25). So our result reads as:
The calculation of next to leading order was done for inner bremsstrahlung part of matrix element only. RC to structure dependent part of matrix element α π · B SD · K ≤ 0.1% due to the numerical smallness of SDcontribution B SD compared with inner bremsstrahlung ones are neglected. Thus we can put K(x, y) = K IB (x, y). 
We underline that the explicit dependence on "large logarithm" L e = ln y 2 β present in Dalitz-plot distribution as well as spectral distribution of x and y. Now let us discuss the results obtained in some previous papers devoted to RC in radiative pion decay. In paper [5] the hard photon emission was not considered which lead to violation of KLN-theorem. In papers [2] , [3] the main attention was paid to the possible sources of tensor forces. As for real QED+EW corrections depicted in formula (13) in [2] : δΓ Γ ≈ 0.7 α π ∼ 0.2% the electroweak corrections (∼ 2.3%) probably was omitted.
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A Born amplitude
The radiative pion decay matrix element in Born approximation has a form [8] :
where Q = p − k. Squaring amplitude (32) and summing over final photon polarizations leads to the following view of decay width:
= B(x, y),
In particular the conservation of vector current hypothesis relates the vector formfactor F V to the life time of the neutral pion
or equivalently f V ≈ 3.78.
B Simplified formula for radiative corrections
Here we present the simplified form of radiative corrections:
was presented in Appendix A and
where z = x + y − 1,x = 1 − x,ȳ = 1 − y. Here we should notice that functions Φ
(1) i satisfy the following property
which is in accordance with demands of KLN-theorem. Let now estimate the magnitude of terms omitted in our approximate formula (40). They are:
correspondingly. The main error arises from α π K which is presented in (26) and Appendix C.
C Hard photon emission K h IB -factor
The K h IB -factor which comes from hard photon emission RC reads:
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Let us note that the expression is finite at x 2 → 0 limit, providing the infrared convergence of integration over x 2 .
We should also notice here that integration over angular variables in (44) performed over Ω 2 only. While the C 1 defined as follows: 
